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We predict proton radioactivity and structural transitions in high spin state of an excited exotic nucleus
near proton drip line in a theoretical framework and investigate the nature and the consequences of
the structural transitions on separation energy as a function of temperature and spin. It reveals that the
rotation of the excited exotic nucleus 94Ag at excitation energies around 6.7 MeV and angular momentum
near 21h¯ generates a rarely seen prolate non-collective shape and proton separation energy becomes
negative which indicates proton radioactivity in agreement with the experimental results of Mukha et al.
for 94Ag.
© 2010 Published by Elsevier B.V. Open access under CC BY license.1. Introduction
Study of exotic nuclei is of prime importance nowadays as it
helps to know the regions of the nuclear chart unexplored yet
and understand many fundamental theories of Nuclear Physics and
Astrophysics. A precise knowledge of binding energy, separation
energy, deformation, level densities etc. of proton drip line nuclei
may help to understand the astrophysical processes [1] of nucle-
osynthesis by rapid proton (rp) capture. The advent of radioac-
tive ion beam and recent experiments on proton radioactivity (1p
and 2p) [2–4] and proton drip line have provided valuable informa-
tion about the exotic nuclei which give impetus to the theoretical
models trusted for the stable nuclei to test their predictions on the
unstable nuclei that too in the conditions of high temperature and
rotation.
Recent observation [2,3] of direct one and two-proton decay
of a 21+ isomer in proton rich N = Z nuclide 94Ag has inspired
the present investigation of proton radioactivity from the neutron
deﬁcient nucleus 94Ag in the ground and excited state in a the-
oretical framework. The main objective of this Letter is to study
one proton radioactivity from 94Ag, though it also exhibits two-
proton radioactivity [2,3] and β-decay followed by γ -ray or proton
emission [5–7] as well. In fact, 94Ag has been considered [2,3]
to be the ﬁrst unique nucleus to exhibit one and two-proton ra-
dioactivity. We use statistical theory [8,9] of hot rotating nucleus
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Open access under CC BY license.combined with the macroscopic–microscopic approach [10] and
study one proton radioactivity from the spinning hot proton rich
nucleus 94Ag. It is conjectured that the hot rotating 94Ag nucleus
decays by proton emission at 21h¯–31h¯ and 5–7 MeV excitation en-
ergy because one proton separation energy of these nuclear states
becomes 0 and this indicates proton emission. One of these proton
unbound states at 21h¯ and E∗ = 6.7 MeV is in agreement with the
experimental observation of I. Mukha et al. [2,3] which shows the
reliability of our theoretical formalism for this new domain of ex-
otic nuclei that too in the conditions of high spin and temperature.
Since we are not calculating the life time of the state, we do not
comment on the isomerism of the nuclear state. One of the most
remarkable feature of this work is the observation of a rarely seen
prolate non-collective shape phase in excited 94Ag in the angular
momentum range 20–32h¯ and its inﬂuence on proton radioactiv-
ity. Claim of strong deformation with prolate shape by Mukha et
al. [2] is not conﬁrmed though the shape of the high spin state
found by us is also prolate. However, the deformation found by
us is not very large as also suggested by Kaneko et al. [11] using
the Shell Model calculations. The observation of rarely seen prolate
non-collective shape allows us to add one more parameter to treat
94Ag as unique [12]. Dependence of proton radioactivity on other
degrees of freedom like deformation, spin, temperature, and sepa-
ration energy is also established. 94Ag lies close to proton drip line
and is loosely bound with proton separation energy S P ≈ 0.89 [13]
in ground state. Hence the threshold excitation energy for particle
emission would be much lesser than for a normally bound nu-
cleon.
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The excited high spin states of the nucleus are treated using the
statistical theory [8,9] with the grand canonical partition function
Q (α,β,γ ) of the deformed nuclear system of N neutrons and Z
protons
Q
(
αZ ,αN , β
′, γ ′
)
=
∑
exp
(−β ′Ei + αZ Zi + αNNi + γ ′Mi
)
(1)
The Lagrangian multipliers1 α, β ′ and γ ′ project the particle num-
ber, total energy and angular momentum of the system in an
approximate manner through the saddle point equations at tem-
perature T (= 1/β ′)
−∂ ln Q /∂β ′ = 〈E〉 (2)
∂ ln Q /∂αZ = 〈Z〉 (3)
∂ ln Q /∂αN = 〈N〉 (4)
∂ ln Q /∂γ ′ = 〈M〉 (5)
The corresponding equations in terms of single-particle eigen val-
ues for the protons  Zi with spin projection m
Z
i and neutrons 
N
i
with spin projection mNi [14] of the deformed oscillator poten-
tial of the Nilsson Hamiltonian diagonalized with cylindrical basis
states [15,16]
〈Z〉 =
∑
nZi =
∑[
1+ exp(−αZ + β ′i − γ ′mZi
)]−1
, (6)
〈N〉 =
∑
nNi =
∑[
1+ exp(−αN + β ′i − γ ′mNi
)]−1
, (7)
〈
E(M, T )
〉=
∑
nZi 
Z
i +
∑
nNi 
N
i (8)
〈M〉 =
∑
nZi m
Z
i +
∑
nNi m
N
i (9)
The excitation energy of the system is found by
E∗(M, T ) = E(M, T ) − E(0,0) (10)
where E(0,0) is the ground state energy of the nucleus given
by E(0,0) = ∑ Zi +
∑
Ni . As illustrated by Moretto [17], the
laboratory-ﬁxed z-axis can be made to coincide with the body-
ﬁxed z′-axis and it is possible to identify and substitute M for the
total angular momentum I . In the quantum-mechanical limit, the
z component M of the total angular momentum M = MN + MZ →
I + 1/2, where I is the total angular momentum.
The entropy of the system is found by
S = −
∑[
ni lnni + (1− ni) ln(1− ni)
]
(11)
To evaluate the separation energy S P (M, T ) of an excited nu-
cleus as a function of temperature and spin, we ﬁrst calculate the
binding energy and the ground state separation energy using the
macroscopic–microscopic approach as done earlier [18].
BEgs(Z ,N, β,γ )
= BELDM(Z ,N) − Edef (Z ,N, β,γ ) − δEshell(Z ,N, β,γ ) (12)
where the macroscopic binding energy BELDM is obtained from the
LDM mass formula of Moller–Nix [19] which reproduces the bind-
ing energies quite well over a wide range of nuclei. The micro-
scopic effects arising due to nonuniform distribution of nucleons
1 The Lagrangian multipliers β ′ and γ ′ should not be confused with the de-
formation parameters (β,γ ). The primes are put just to differentiate them from
deformation parameters. The notations β ′ and γ ′ used in the text from Eq. (1) to
Eq. (7) are Lagrangian multipliers, elsewhere in this Letter, β and γ are used as
deformation parameters only.are included through the Strutinsky’s shell correction δEshell [20]
along with the deformation energy Edef (obtained from the sur-
face and Coulomb effects). Shell correction to energy δEshell can be
written as
δEshell =
A∑
i=1
i − E˜ (13)
the ﬁrst term being the shell model energy in the ground state and
the second term is the smoothed energy with the smearing width
1.2h¯ω. The smearing is done by the Gaussian distribution function
(see Ref. [21] for details). The difference between the binding en-
ergies BEgs of the parent and daughter nuclei gives the corrected
ground state separation energy.
Total energy E (= −BE) of a nucleus at ﬁnite temperature T and
angular momentum M is calculated by blending the macroscopic–
microscopic approach and statistical theory by summing the
ground state energy obtained from the macroscopic–microscopic
approach (Eq. (12)) with the total excitation energy E∗ (Eq. (10))
obtained from the statistical theory as
E(Z ,N, β,γ , T ,M)
= −BE(Z ,N, T ,M, β,γ )
= −BEgs(Z ,N) + E∗(T ,M, β,γ )
= −BELDM(Z ,N) + Edef (Z ,N, β,γ )
+ δEshell(Z ,N, β,γ ) + E∗(Z ,N, β,γ , T ,M) (14)
Free energy F is minimized [22] with respect to the Nilsson defor-
mation parameters β and γ which gives the shape and deforma-
tion of the excited nucleus at a ﬁxed T and M .
F (Z ,N, β,γ , T ,M)
= E(Z ,N, β,γ , T ,M) − T ∗S(Z ,N, β,γ , T ,M) (15)
The above calculations are performed for the angular deformation
parameter γ range from −180◦ (oblate with symmetry axis par-
allel to the rotation axis) to −120◦ (prolate with symmetry axis
perpendicular to rotation axis) and then to −60◦ (oblate collective)
to ◦ (prolate non-collective) and the axial deformation parameter
β range from 0–0.4 in the steps of 0.01.
One proton separation energy of the excited nucleus is obtained
as
S P (Z ,N, β,γ , T ,M)
= BE(Z ,N, β,γ , E∗)− BE(Z − 1,N, βd, γd, E∗d
)
(16)
where E∗ and E∗d are the excitation energies of the parent and
daughter nuclei respectively. According to Eq. (16), the proton sep-
aration energy S P (M, T ) (now onwards we would write S P (M, T )
for S P (Z ,N, β,γ ,M, T )) which is a function of temperature and
spin, is the energy required to remove a proton from the excited
state of the parent nucleus leaving the daughter nucleus in an
excited state. This concept is most useful when we are dealing
with highly excited nuclear systems which decay into an excited
daughter nucleus similar to what is observed in the experiment by
Mukha [2,3]. When a nucleus is excited, the last bound particle oc-
cupies higher excited state above the Fermi level and needs much
smaller amount of energy to remove it from the nucleus. Depend-
ing upon the amount of excitation energy available to the system,
separation energy or the energy required to remove the particle
from that excited state would be different for different excitation
energies. In this way, one can investigate possibility of nucleon
emission from the excited nucleus at different excitation energies
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obtained by free energy minima are mentioned in each ﬁgure.which we calculate using our input parameters temperature T and
angular momentum M . As the excitation energy increases, the sep-
aration energy decreases as shown in Ref. [10]. Separation energy
of an excited nucleus is always less than the ground state sepa-
ration energy. Zero or negative proton separation energy indicates
the instability of the nucleus against proton radioactivity.
In this Letter, we have investigated proton radioactivity for a
wide range of excitation energies starting from E∗ = 5 MeV to
≈ 40 MeV corresponding to T = 0.5–1.5 MeV respectively with the
angular momentum range of M = 0–60h¯. Through this investiga-
tion, we show the dependence of a nuclear state for being proton
bound or proton unbound on the temperature, spin and structural
effects.
3. Results and discussion
Minimization of the ground state energy Egs (= −BEgs obtained
from Eq. (12)) with respect to β and γ gives us the ground state
shape and deformation of the proton rich nucleus 94Ag which
turns out to be prolate with γ = −120◦ and deformation β = 0.12.
But once the nucleus is excited, the equilibrium shape of the hot
nucleus becomes spherical at T  0.65 MeV as the deformation
producing quantum shell effects become ineffective and this hot
nuclear system resembles a classical liquid drop. Rotation of this
hot sphere generates a prolate non-collective shape at M = 20h¯
with β = 0.06 which has been caused directly by rotation that cre-
ates a residual quantum shell effect as shown by Goodman [23].This hot prolate non-collective equilibrium phase had not been an-
ticipated before Ref. [23]. This unexpected prolate non-collective
phase generated by rotation undergoes the expected transition to
the oblate non-collective phase at M = 33h¯.
Fig. 1(a), (b), and (c) plot free energy F as a function of β and
γ for 94Ag at T = 0.78 MeV and M = 0, 21h¯ and 52h¯ showing
the minimization of F which predicts the shape and deformation
of the nucleus. Shape transitions due to changing angular momen-
tum can be seen through Fig. 1(a), (b) and (c) where the shape
and deformation of the nucleus are indicated by β and γ val-
ues corresponding to F minima for each M. Equilibrium shape
of the hot nucleus is spherical at M = 0 (Fig. 1(a)) which under-
goes the transition to uncommon prolate non-collective phase at
M = 20h¯ via triaxial phase with γ ranging from 40◦ to 10◦ and
β from 0.01 to 0.04 with increasing M and then to usual oblate
non-collective at M = 33h¯. The energy minima shifts from β = 0
(spherical) at M = 0 towards triaxial and then to prolate non-
collective (γ = 0◦) at M = 20h¯ (Fig. 1(b)). The deformation in the
prolate non-collective shape phase is found to be 0.06 not in sup-
port of the strong deformation expected by Mukha et al. [2] but
supports the idea of Refs. [11,24]. With further increasing spin, the
energy minima moves towards oblate non-collective shape phase
(γ = −180◦) with β = 0.01 at M = 33h¯ and remains oblate for
M > 33h¯ with a gradual increase in β attaining a value 0.14 at
M = 52h¯ (Fig. 1(c)). At M = 60h¯, β has much higher value of 0.24.
The shape transition from spherical to prolate non-collective phase
does not occur at high temperature T = 1.5 MeV at which the
492 M. Aggarwal / Physics Letters B 693 (2010) 489–493Fig. 2. One proton separation energy S P (M, T ) of 94Ag as a function of spin and
temperature with M = 0–60h¯, T (MeV) = 0.5, 0.6, 0.65, 0.7, 0.78, 1.0 and 1.5.
minima goes directly from spherical to oblate non-collective phase
at M = 34h¯.
The inﬂuence of shape transitions on the separation energy of
an excited nuclear system is shown in Fig. 2 where we have plot-
ted one proton separation energy as a function of temperature and
spin obtained from Eq. (16). Spin degree of freedom inherently in-
volves deformation and structural or shape changes and we know
that the separation energy is a function of these changes as illus-
trated by Faber et al. [25], Rajasekaran et al. [26] and our earlier
work [10,18,27], which is evident in Fig. 2 where the proton sep-
aration energy is decreasing with increasing T but starts showing
ﬂuctuations when the angular momentum degree of freedom is in-
corporated which sets in the structural changes with it. The spin
states with M = 21h¯–31h¯ at low temperature ≈ 0.78 MeV have
zero or negative separation energy. These spin states are built up
mostly by rotational states and contribution from the thermal ex-
citation energy is kept to be very small (≈ 1–1.5 MeV) in order
to bring these states as close as possible to the experimentally
observed proton decaying state [2,3] with E∗ = 6.7 MeV and 21h¯
which seems to be built up mostly of the rotational modes. Since
we are investigating the proton emission from various excited high
spin states using a thermodynamical approach in which T is an
essential component, we keep T to its minimum possible value so
that the majority of excitation energy is due to rotational degree
of freedom. This ratio of thermal and rotational degree of free-
dom used in our calculations enables us to observe one proton
radioactivity (see Fig. 2) from 94Ag at 6.7 MeV excitation energy
and 21h¯ angular momentum, analogous to the proton emitting
state observed in Ref. [2]. At M around 21h¯ and nearby states at
low temperatures T = 0.5–0.78 MeV, one proton separation en-
ergy is zero or very close to 0 which means that the quantum
shell effects at angular momentum around 21h¯ drive the nuclear
shape towards prolate non-collective which favors proton emis-
sion as also pointed out by I. Mukha et al. [2] that the prolate
(cigar-like) shape facilitates the emission of proton. At high tem-
peratures (T = 1 and 1.5 MeV) and corresponding high excitation
energies, many more states become proton radioactive for a larger
range of angular momentum values irrespective of shape. Infact at
T = 1.5 MeV, all the states are proton decaying irrespective of an-
gular momentum and shape because excitation energy available to
the system is much higher than that spent in rotation even for very
high spin states. Therefore, the role of angular momentum is more
prominent at lower temperature at which the shape transition to
uncommon prolate non-collective shape phase and proton emis-
sion is observed whereas the shape transition to usual oblate non-Fig. 3. Occupation probability nZi plotted for
94Ag vs. single particle energies  Zi
for protons at T = 0.78MeV and different spins M = (a) 0, (b) 21h¯, (c) 33h¯ and
(d) 52h¯. The Fermi level F = 5.08h¯ω. Only few levels around the Fermi level are
shown here.
collective shape phase does not indicate proton emission. Hence
we suggest strong dependence of proton emission on the shape
transitions due to spin at low temperature which is one of the
main focus of the present work. It would be interesting to study
the effects of angular momentum and shape transitions on proton
emission at T = 0 with some suitable microscopic calculations.
The proton unbound states are seen in the deformed pro-
late non-collective shape phase (γ = 0◦ , β = 0.02–0.06) at E∗ =
5–7 MeV and M = 21h¯–31h¯. At other excitation energies and M
values for all other shapes, the system is bound though weakly
only. This shows that the prolate non-collective shape favours pro-
ton radioactivity whereas other shapes like spherical or triaxial (at
0 or low M values) and oblate non-collective (at M > 33h¯) even
with larger deformations (β upto 0.24) indicate a proton bound
state with S P > 0 though there is no taboo to other deexcitation
modes which may exist and the nucleus may decay via other exit
channels. In this work, we neither comment if the concerned ex-
cited state are isomeric nor we talk about the other decay modes.
Our only emphasis is to explore the possibilities of proton radioac-
tivity using the criteria of S P (M, T )  0 which occurs at certain
excitations and shapes only.
To understand the proton decay in prolate shape phase but not
in oblate shape phase at high spin states, we plot occupation prob-
ability ni vs. single particle energy eigen values corresponding to
each ± m state at ﬁxed T and M in Fig. 3. The proton which is
farthest from the Fermi level is most likely to escape as it is most
weakly bound. Occupation probability shows the rearrangement of
particles near the Fermi level. All the occupied ±m states will sum
up to give M (see Eq. (9)). Normally, nZi should be 1 upto the Fermi
level and 0 beyond it. In Fig. 3 (a), M = 0, and the curve is smooth
but nZi < 1 and n
Z
i > 0 for few levels below and above the Fermi
level respectively because many higher levels are occupied due to
excitation energy. When angular momentum (M) increases, large
ﬂuctuations appear near the Fermi level which are smeared out at
high temperatures as shown in our earlier work [10]. At M = 21h¯,
the ﬂuctuations in occupation probability (Fig. 3(b)) are large and
stretched far below and above the Fermi level much more than
that at higher angular momentum M = 33h¯, 52h¯ states and even
at higher deformation (Fig. 3(c) and (d)) with oblate shape. This
shows that in the proton decaying state with E∗ = 6.7 MeV and
M = 21h¯, the excited particles have occupied much higher lev-
els above the Fermi level than those at other angular momentum
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cleon with higher occupation probability in prolate shape is very
weakly bound with a very low or zero separation energy and hence
is easily knocked out of the nucleus. This shows that above the
Fermi level, farther is the level occupied with higher occupation
probability, lower is the separation energy. This analysis indicates
that the occupation in farthest levels above F in prolate non-
collective shape favours proton emission.
4. Conclusion
To conclude, we report one-proton radioactivity from the ex-
cited high spin state of 94Ag at excitation energy 5–7 MeV and
angular momentum 21h¯–31h¯ in a theoretical framework by com-
bining statistical theory and macroscopic–microscopic approach
carefully in a way that it proves a simple yet an effective tool in
predicting proton radioactivity and establishing the important role
played by the structural properties like shape and deformation on
the separation energy and proton decay in excited high spin states
which is not shown by any other work so far. Structural transition
to uncommon prolate non-collective shape inﬂuences the proton
decay which is an important feature of this work. This formal-
ism can be used to make useful and meaningful predictions which
would be very helpful in planning an experiment to study pro-
ton radioactivity by providing an excitation energy and angular
momentum range in which proton decay could be expected via
proton separation energy becoming  0 criteria. A lot more exper-
imental and theoretical work is required for a better insight into
this problem.
Acknowledgements
Financial support from The Department of Science and Tech-
nology (DST), Government of India, under the WOS-A Scheme isacknowledged. Useful discussions with Dr. S. Kailas, and Dr. S. Pal
are acknowledged.
References
[1] R.K. Wallace, S.E. Woosely, Astrophys. J. Suppl. 45 (1981) 389.
[2] I. Mukha, et al., Nature 439 (2006) 298.
[3] I. Mukha, et al., Phys. Rev. Lett. 95 (2005) 022501.
[4] B. Blank, M.J.G. Borge, Prog. Part. Nucl. Phys. 60 (2008) 403, and references
within.
[5] M.La. Commara, et al., Nucl. Phys. A 708 (2002) 167.
[6] C. Plettner, et al., Nucl. Phys. A 733 (2004) 20.
[7] I. Mukha, et al., Phys. Rev. C 70 (2004) 044311.
[8] M. Rajasekaran, T.R. Rajasekaran, N. Arunachalam, Phys. Rev. C 37 (1988) 307.
[9] M. Rajasekaran, N. Arunachalam, V. Devanathan, Phys. Rev. C 36 (1987) 1860.
[10] Mamta Aggarwal, Phys. Rev. C 69 (2004) 034602.
[11] K. Kaneko, Y. Sun, M. Hasegawa, T. Mizusaki, Phys. Rev. C 77 (2008) 064304.
[12] I. Mukha, et al., Eur. Phy. J. A 25 (Supp. 1) (2005) 131.
[13] A.H. Wapstra, G. Audi, Nucl. Phys. A 432 (1985) 55.
[14] J.B. Huizenga, L.G. Moretto, Annu. Rev. Nucl. Sci. 22 (1972) 427.
[15] J.M. Eisenberg, W. Greiner, Microscopic Theory of Nucleus, North Holland, New
York, 1976.
[16] G. Shanmugam, P.R. Subramanian, M. Rajasekaran, V. Devanathan, Nuclear In-
teractions, Lecture Notes in Physics, vol. 72, 1979, p. 433.
[17] L.G. Moretto, Nucl. Phys. A 182 (1972) 641;
L.G. Moretto, Nucl. Phys. A 185 (1972) 105;
L.G. Moretto, Nucl. Phys. A 216 (1973) 1.
[18] M. Rajasekaran, Mamta Aggarwal, Phys. Rev. C 58 (1998) 2743.
[19] P. Moller, J.R. Nix, W.D. Myers, W.J. Swiatecki, At. Data Nucl. Data Tables 59
(1995) 185.
[20] V.M. Strutinsky, Nucl. Phys. A 95 (1967) 420.
[21] M. Rajasekaran, Mamta Aggarwal, Int. J. Mod. Phys. E 7 (1998) 389.
[22] Mamta Aggarwal, I. Mazumdar, Phys. Rev. C 80 (2009) 024322.
[23] A.L. Goodman, Phys. Rev. Lett. 73 (1994) 416.
[24] E. Roeckl, et al., Acta Phys. Pol. B 38 (2007) 1121.
[25] M. Faber, M. Ploszajazak, Z. Phys. A 291 (1979) 331.
[26] M. Rajasekaran, T.R. Rajasekaran, N. Arunachalam, V. Devanathan, Phys. Rev.
Lett. 61 (1988) 2077.
[27] Mamta Aggarwal, Phys. Scripta T125 (2006) 178.
